
4 

I 

*% . 

CENTER FOR SPACE RESEARCH <e 
MASSACHUSETTS IkSTITUTE OF TECHNOLOGY 

N 
ID 

E 
(T 

IACCESSION N U M B E R 1  ( T H R U I  

0 / c 
> i - >  

i P A  G E E I 

4-3- t 

iCATEGORY1 

$ $ / f ( j /  Ci 
&ASA G R  O R  TMX OR AD N U M B E R )  



I 

CONTINUUM ELECTROMECHANICS GROUP 
Traveling Wave Bulk Electroconvec- 
tion Induced Across a Temperature 

Gradient 
by 

J.R. Melcher and M. S. Firebaugh 
CSR TR-66-13 

Oct. 28, 1966 NsG-368 



. 

. 

c 

TRAVELING WAVE BULK ELECTROCONVECTION INDUCED ACROSS 

A TEMPERATURE GRADIENT 

by 

James R. Melcher and Mi l la rd  S. Firebaugh 

Department of E l e c t r i c a l  Engineering 

Massachusetts I n s t i t u t e  of Technology, Cambridge, Massachusetts 

Summary 

I f  a temperature 

l i q u i d ,  a g rad ien t  i n  

r e s u l t s .  It  i s  shown 

/& yjz 
gradien t  i s  imposed on a s l i g h t l y  conducting 

n a t u r a l  e l e c  t r i c a  1 conduct ivi ty  gene ra l ly  

t h a t  i f  t h e  l i q u i d  i s  then subjected t o  a 

wave of e l e c t r i c  f i e l d  t r ave l ing  perpendicular t o  the  tempera- 

t u r e  and conduct iv i ty  grad ien ts ,  charges a r e  induced i n  the  l i q u i d  

bulk. 

with the  imposed f i e l d  t o  pump t h e  l i q u i d .  The s ign  of  t he  con- 

d u c t i v i t y  g rad ien t  determines whether t he  l i q u i d  i s  pumped i n  the  

same d i r e c t i o n  o r  a d i r e c t i o n  opposi te  t o  t h a t  of the  t r a v e l i n g  

wave. Equations a r e  given fo r  t he  ve loc i ty  p r o f i l e  i n  plane flow, 

showing the  e f f e c t  of f l u i d  p rope r t i e s  a s  w e l l  a s  of t he  frequency, 

wavelength, and p o t e n t i a l  of the t r a v e l i n g  wave. Experiments sup- 

p o r t  t he  s ign i f i cance  of the  theory.  Observations of a type of 

bulk Rayleigh-Taylor i n s t a b i l i t y  a r e  discussed. 

These charges r e l a x  t o  form a t r ave l ing  wave which i n t e r a c t s  

/+-67zL 



I .  Introduct ion 

Charges induced i n  a s l i g h t l y  conducting l i qu id  

through n a t u r a l  conduction processes can i n t e r a c t  with a 

t r ave l ing  wave of e l e c t r i c  f i e l d  t o  produce a f l u i d  flow. 

One method of demonstrating t h i s  type of electroconvection 

i s  t o  introduce a p o t e n t i a l  wave t r ave l ing  p a r a l l e l  t o  an 

a i r - l i q u i d  in t e r f ace .  Induced charges w i l l  r e l a x  through 

t h e  l i q u i d  t o  the  i n t e r f a c e  and form a t r ave l ing  wave of 

sur face  charge which w i l l  lag the  p o t e n t i a l  wave. An elec- 
t r i c  sur face  shear  w i l l  r e s u l t  and the  l i q u i d  w i l l  move. (1) 

I n  t h i s  kind of i n t e r a c t i o n  the  i n t e r f a c e  i s  a surface of 

s i n g u l a r i t y  i n  the conduct ivi ty  grad ien t .  Because the  con- 

d u c t i v i t y  i s  constant  everywhere except a t  the  i n t e r f a c e ,  

t h e r e  a r e  no f r e e  charges in  the f l u i d  bulk and hence no 

e l e c t r i c  forces  i n  the  bulk. 

An extension of th i s  i n t e r a c t i o n  r e s u l t s  when the  s i n -  

g u l a r  conduct ivi ty  gradient  i s  replaced by a continuous 

gradien t .  Then the  in t e r f ace  can be eliminated by imbedding 

the e lec t rodes  carrying the t r ave l ing  p o t e n t i a l  wave i n  a 

condui t  boundary which makes mechanical (but no t  necessa r i ly  

e l e c t r i c a l )  contac t  with the l i qu id .  Charges a r e  now induced 

i n  the  bulk of the  l i q u i d ,  An i n t e r n a l  wave of induced charge 

w i l l  t r a v e l  along behind the t r ave l ing  p o t e n t i a l  wave and the  

p o s s i b i l i t y  f o r  an e l e c t r i c  force i n  the bulk of the  l i q u i d  

i s  crea ted .  
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The e l e c t r i c a l  conduct ivi ty  of s l i g h t l y  conducting 

Hence , l i q u i d s  o f t en  depends s t rongly  on the  temperature. (2) 

i f  the  wal ls  of a conduit  containing such a l i q u i d  a r e  placed 

a t  d i f f e r e n t  temperatures,  t h e  r e s u l t i n g  temperature grad ien t  

within t h e  enclosed l i q u i d  w i l l  be accompanied by a grad ien t  

i n  e l e c t r i c a l  conduct ivi ty .  It i s  the  bulk i n t e r a c t i o n  of 

f l u i d  with a t r a v e l i n g  p o t e n t i a l  wave through the  mechanism 

of a thermally induced gradien t  i n  e l e c t r i c a l  conduct ivi ty  

t h a t  is considered here.  

A schematic representa t ion  of the phys ica l  s i t u a t i o n  is  

shown i n  Fig.  1. Plane flow between boundaries having the 

temperature d i f f e rence  T -T i s  considered. The lower bound- 

a r y  i s  a t  the  e l e c t r i c  p o t e n t i a l  0 = 0 ,  while e l ec t rodes  

imbedded i n  the  upper boundary impose a t r a v e l i n g  wave of po- 

t e n t i a l  with phases moving t o  the  r i g h t .  Because of the  tem- 

pe ra tu re  d i f f e r e n c e ,  t he re  is  a v a r i a t i o n  i n  e l e c t r i c a l  

a b  

conduct iv i ty  across  the channel. To prevent a B6nard (3)  

i n s t a b i l i t y ,  T i s  g r e a t e r  than Tb. Many s l i g h t l y  conducting 

l i q u i d s  have conduc t iv i t i e s  t h a t  increase with temperature. 

Hence, a s  shown i n  Fig.  1, the  e l e c t r i c a l  conduct ivi ty  increases  

monotonically from the  channel bottom t o  the  top. 

(2) a 

In  Sec. 11, a simple theory w i l l  be developed t o  p r e d i c t  

t h e  f l u i d  flow r e s u l t i n g  a s  the  p o t e n t i a l  wave t r a v e l s  across  

t h e  thermal grad ien t .  Attent ion is confined t o  i n t e r a c t i o n s  

where the  e f f e c t s  of charge t r anspor t  by the  f l u i d  a r e  small 

and where the  grad ien t  i n  e l e c t r i c a l  conduct ivi ty  i s  e s s e n t i -  

a l l y  cons tan t  across  the  channel. I t  i s  f u r t h e r  assumed t h a t  

t h e  frequency of the  t r ave l ing  p o t e n t i a l  wave i s  l a rge  enough 

t h a t  the  electromechanical e f f e c t s  occur through the  time-average 

e l e c t r i c  stresses. S imi l a r ly ,  t he  t i m e  requi red  f o r  thermal 

r e  l a  xa t ion  ( 4 )  i s  long compared t o  the  period of the  p o t e n t i a l  

wave, so  the  temperature p r o f i l e  (and hence the property pro- 

f i l e )  of the f l u i d  can be considered constant .  These condi t ions 



a r e  m e t  i n  many f l u i d s .  Experiments described i n  Sec. 111 

i l l u s t r a t e  t he  i n t e r a c t i o n  and show t h a t  the  t h e o r e t i c a l  

model i s  meaningful even i f  t he  e l e c t r i c a l  conduct ivi ty  

v a r i e s  by 80% across  the  channel. 

Charges induced i n  the bulk of the f l u i d  by the  t r a -  

ve l ing  p o t e n t i a l  wave lead t o  a t r ansve r se ,  a s  w e l l  a s  a 

l ong i tud ina l ,  force  densi ty .  Because the  l i q u i d  i s  heated 

from above, g r a v i t a t i o n a l  forces  tend t o  s t a b i l i z e  the  flow. 

However, t h i s  e f f e c t  can be overcome by the  t ransverse  e l ec -  

t r i c a l  forces  and an electromechanical form of bulk Rayleigh- 

Taylor i n s t a b i l i t y  (5) produced. Experimental observations 
on t h i s  i n s t a b i l i t y ,  made i n  Sec.  111, i nd ica t e  t h a t  it i s  

somewhat r e l a t e d  t o  forms of i n s t a b i l i t y  t h a t  have been 
reported.  (6,7 ,a) 

XI Theore t ica l  Model 

Electr ic  Potent ia  1 Dis t r ibu t ion  

The r a t i o  of a c h a r a c t e r i s t i c  f r e e  charge r e l axa t ion  

t i m e  e c / a  t o  a t i m e  which cha rac t e r i zes  the  system dynamics 
C fa \  

It i s  important t o  \ > I  i s  c a l l e d  the  e l e c t r i c  Reynolds number. 

recognize t h a t  electrohydrodynamic induction i n t e r a c t i o n s  with 

a t r a v e l i n g  p o t e n t i a l  wave involve t w o  e l e c t r i c  Reynolds num- 

be r s  having q u i t e  d i f f e r e n t  s ign i f icances .  

a c t e r i z e  the  flow by the  time 1, /v  , where I and v a r e  

r e spec t ive ly  a c h a r a c t e r i s t i c  length and f l u i d  ve loc i ty .  

t he  appropr ia te  e l e c t r i c  Reynolds number is  R = E v /ac& . 
Second, w e  can use the  period ~ T / W  of the imposed p o t e n t i a l  

wave a s  a c h a r a c t e r i s t i c  time t o  def ine  the  e l e c t r i c  Reynolds 

number R = E u3/ac2~. In experiments designed t o  demonstrate 
t r a v e l i n g  wave induction phenomena, Re2 is  on the order  of un i ty  

F i r s t  we can char- 

C C C 

Then 

el c c 

e2 C 

while Rel i s  a r b i t r a r y .  In the  work described here ,  t he  
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c h a r a c t e r i s t i c  f l u i d  ve loc i ty  v i s  s u f f i c i e n t l y  small  t h a t  
C 

i s  a t  most 0.1. Hence, i n  the  model developed i n  t h i s  

s e c t i o n ,  w e  w i l l  take account of charge accumulation caused 

by the  imposed time varying p o t e n t i a l  wave, but ignore the 

convection of charge. 

Magnetic induct ion is n e g l i g i b l e  so  the  e l e c t r i c  f i e l d  - 
E i s  i r r o t a t i o n a l  - 

E = -V@ (1) 

Since the p e r m i t t i v i t y  E is near ly  constant  f o r  t he  present  

cons idera t ions ,  t he  free-charge dens i ty  q i s  given by - 
q = E V - E  (2) 

- 
Then, conservation of charge r equ i r e s  cu r ren t  dens i ty ,  J ,  t o  

be r e l a t e d  t o  q by 

v . 5 + & = 0  a t  (3) 

Two cont r ibu t ions  t o  the  cu r ren t  dens i ty  can be important,  

one due t o  n a t u r a l  conduction and the  o the r  from convection 

of t he  charge q .  

. 

Because Rel i s  smal l ,  the  second cont r ibu t ion  t o  t h i s  

equation w i l l  be ignored. Moreover, the  conduct iv i ty ,  u , 
w i l l  be assumed independent of E and q .  

We w i l l  confine our a t t e n t i o n  t o  the  t i m e  average 

e f f e c t  on t h e  f l u i d  of t he  t r a v e l i n g  p o t e n t i a l  wave. Hence, 

t he  flow i s  e s s e n t i a l l y  steady and w e  assume t h a t  the  temp- 

e r a t u r e  d i f f e rence  T -T c r e a t e s  a d i s t r i b u t i o n  of e l e c t r i -  

c a l  conduct ivi ty  u(y) across  the  channel. 

i s  j u s t i f i e d  i f  the  p o t e n t i a l  wave t r a v e l s  a t  a s u f f i c i e n t l y  

high v e l o c i t y  t h a t  the f l u i d  cannot respond t o  pulsa t ions  

(of frequency W/T) i n  t he  induced e l e c t r i c  force dens i ty .  

A l s o ,  we assume t h a t  the e l e c t r i c  f i e l d  i n t e r a c t i o n  does 

a b  
This assumption 
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n o t  overcome the  in t e rac t ion  of g rav i ty  with the thermally 

induced gradien t  i n  densi ty  t o  cause i n s t a b i l i t y .  Observa- 

t i o n s  on t h i s  po in t  a r e  made i n  Sec. 111. 

The combination of E q s .  (1-4) (with Cq = 0 i n  E q .  ( 4 ) )  
gives an expression f o r  the p o t e n t i a l  @ .  

I f  Rel were not  small ,  there  would be an a d d i t i o n a l  t e r m  

involving the  ve loc i ty  of t he  f l u i d ,  and t h i s  equation 

could not  be solved without recourse t o  the  mechanical equa- 

t i o n s  of motion. The approximation makes it poss ib le  t o  f ind  

the  p o t e n t i a l  @ from E q .  ( 5 )  , then compute the  time average 

e l e c t r i c  stress and f i n a l l y  determine the  r e s u l t i n g  f l o w .  

According t o  the  model used h e r e ,  the  f l u i d  flow does not  

i n  tu rn  d i s t o r t  t h e  p o t e n t i a l  d i s t r i b u t i o n .  

I f  t h e  v a r i a t i o n  of u across  the  channel i s  monotonic, 

a reasonable approximation t o  Eq .  (5)  r e s u l t s  i f  an average 

value of the conductivity,a, ,  i s  used a s  the  c o e f f i c i e n t  of 

t he  f i r s t  term, while Vu i s  approximated by (al /d) i . 
Here al i s  a(d) -u(O) , a s  shown i n  F ig .  1. 

- 
Y 

Equation (5)  

becomes 
2 a1 a @  a 2  uov m i -  a-a Y + E T t  v (3 = 0 

On the  upper sur face  of the channel,  the p o t e n t i a l  has the  

t r a v e l i n g  wave form 

j(cDt-kx)  Q ( x , d , t )  = Rev  e (7 )  

Hence, t he  ( x , t )  dependence of t he  p o t e n t i a l  throughout the  

volume i s  assumed t o  have t h i s  same form, and it follows from 

E q .  ( 6 )  t h a t  
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. 
where 

@ = Re6 (y) e x p j ( m t - k x )  

'I = a1/a0 

s = 0 E / U O  

5 = y /d  

The so lu t ion  t o  E q .  (8) which s a t i s f i e s  the  boundary condi- 

t i o n  of Eq.  (7)  and the condi t ion t h a t  @ = 0 a t  the  channel 

bottom i s  

6 = - e +)/ ( ,PI- ep2) 

where' f o r  l a t e r  purposes it i s  convenient t o  def ine  
( 9 )  

1 = -  ( - a f b )  
p d )  2 

(11) 

(12) 

2 a = a 

b = br + j b i  = A  cos (7)- j A  s i n  (72) 

+ j a i  = T / ( I  + s ) - jqs/(1 + s') r 
9 e 

Equation (9)  and t h e  subsequent d e f i n i t i o n  of va r i ab le s  i s  

the  des i r ed  s o l u t i o n  f o r  t he  e l e c t r i c  p o t e n t i a l .  

E l e c t r i c  Stress 

For the present  purposes, t he re  i s  no g rad ien t  of t he  

pressure  along the  channel. 

i n  Sec. 111 the  channel w i l l  be r e -en t r an t . )  Hence, i t  i s  

convenient t o  compute the e l e c t r i c  shear  s t r e s s  r a t h e r  than 

( In  experiments t o  be described 

the  force  dens i ty  throughout t he  volume. The e l e c t r i c  shear 
(10) 
. I  

s t r e s s  a c t i n g  i n  the  x d i r e c t i o n  i s  

Te = EE E 
XY X Y  



. 

with a t i m e  average value of 

> = g R e  e e* 
X Y  

where * i nd ica t e s  the  complex conjugate. Here, a complex 

e lec t r ic  f i e l d  amplitude has been defined such t h a t  

E = R e  E(y) exp j ( W -  kx).  
- 

From E q .  (9) 
A 

It i s  poss ib l e ,  by means of considerable manipulation, t o  u s e  

these  expressions together  with the  d e f i n i t i o n s  of Eqs. (10-12) 

t o  write Eq. (14) a s  

(Te > = D f  (5) 
XY 

where 
-a (S - 1) 

s i n  b.C - b. s inh  brS+ai(cosh brC- cos big)] f ( 0  = e Ibr 1 1 

D = Ek W*/[ 4d(cosh b - COS bi)]  r 
The d i s t r i b u t i o n  of shear stress given by Eq.  (16) w i l l  now be 

used t o  compute the  ve loc i ty  p r o f i l e .  

Velocity Di s t r ibu t ion  

Because the  channel i s  r e - e n t r a n t ,  t he re  i s  no v a r i a t i o n  

of pressure  i n  the  x d i r ec t ion .  

f l o w  imply t h a t  momentum does no t  make a con t r ibu t ion  t o  the  

force  balance. There remains the  viscous forces  t o  be balanced 

by the  induced e lectr ic  forces .  

t he  t i m e  average e l e c t r i c  force with the  x d i r e c t i o n .  It i s  

the re fo re  necessary t h a t  the  sum of the  e l e c t r i c  and viscous 

shear  stresses be independent of the  depth (y) .  That i s ,  

force  equi l ibr ium requi res  t h a t  

The condi t ions of plane steady 

There a r e  no v a r i a t i o n s  of 

I 



where C i s  a cons tan t  and the  v i s c o s i t y  p is  a func t ion  of 

depth (because of the  temperature d i f f e rence  between t h e  top 

and bottom of the  channel.) The v e l o c i t y  p r o f i l e  follows from 

an i n t e g r a t i o n  of E q .  (17). The r e s u l t i n g  constant  of i n t eg ra -  

t i o n  and C a r e  used t o  s a t i s f y  the  condi t ions t h a t  v (S= 0) = 

vx(c= 1) = 0. 

p r o f i l e  

X 
Then, incorporat ion of Eq .  (16) g ives  the  v e l o c i t y  

The i n t e g r a l s  of Eq.  (18) a r e  most e a s i l y  evaluated numerically.  

The Pumping Mechanism 

The e s s e n t i a l  f ea tu re s  of t h e  v e l o c i t y  p r o f i l e ,  a s  i t  

depends on the  t r a v e l i n g  wave frequency and phys ica l  parameters,  

can be i l l u s t r a t e d  i n  the  l i m i t i n g  case where ~1 i s  cons tan t  and 

1 >> 2kd >> ‘1 

The l a t t e r  condi t ion requi res  t h a t  the  wavelength be much longer 

than the  t ransverse  dimension d ,  and t h a t  the  g rad ien t  i n  con- 

d u c t i v i t y  be smal l ,  i n  which case Eq. (16) reduces t o  

Now, i f  IJ. i s  taken a s  cons tan t ,  Eq. (18) can be evaluated a s  

The most i n t e r e s t i n g  f ea tu re  of t h i s  expression i s  i t s  s ign .  

I f  t he  e l e c t r i c a l  conduct ivi ty  has a p o s i t i v e  g rad ien t  (q>O) , 
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flow occurs i n  a d i r e c t i o n  opposite t o  t h a t  of t he  t r ave l ing  

p o t e n t i a l  wave. This con t r a s t s  with magnetohydrodynamic induc- 

t i o n  in t e rac t ions  (I1) , and can be understood with the  he lp  of 

Fig.  2.  
Suppose t h a t  t he  frequency u i s  very low. Then, the  cur-  

r e n t  dens i ty  J of F ig .  2a is r e l a t e d  t o  E by 
Y Y 

T 

E = Jy  

where, because the  frequency i s  low, the  conduction cu r ren t  must 

be e s s e n t i a l l y  independent of y. Hence, f o r  long wavelengths 

s o  t h a t  a p o s i t i v e  grad ien t  i n  e l e c t r i c a l  conduct ivi ty  w i l l  

l ead  t o  a negat ive volume charge dens i ty .  A t  a frequency such 

t h a t  S Z 1, these  induced charges relax t o  the  f l u i d  volume 

wi th  a s p a t i a l  phase which lags  t h a t  of t h e  sur face  charges on 

t h e  e l e c t r o d e s ,  as shown i n  F ig .  2b. The s ign  of t he  volume 

charge,  determined by the  p o s i t i v e  conduct ivi ty  g r a d i e n t ,  i s  

such t h a t  t he  f l u i d  i s  repe l led  i n  the  d i r e c t i o n  opposite t o  

t h a t  of t h e  wave. 

I n  f a c t ,  it can be shown from Eqs.(2)(9) and (10) t h a t  i f  

t h e  su r face  charge on the  e lec t rode  a t  c =  1 i s  Res 

then the  volume charge j u s t  below the  e lec t rode  is 
exp j (ut-kx) 

S 

which makes apparent  t h e  dependence of t he  l a g  i n  s p a t i a l  phase 

on the  normalized frequency S.  

a s  shown i n  F ig .  2b. This i s  also t he  frequency a t  which the 

l a r g e s t  f l u i d  v e l o c i t y  i s  obtained,  a s  can be seen from Eq .  (21 ) .  
I n  a way which i s  c h a r a c t e r i s t i c  of induction processes ,  the  

v e l o c i t y  approaches z e r o  as S is  made l a r g e  o r  small. 

When S = 1, the  phase l a g  i s  45", 
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From Eq. (21) it i s  a l s o  seen t h a t  t he  v e l o c i t y  pro- 

f i l e  i s  skewed upward, with the  po in t  of maximum v e l o c i t y  

occurr ing a t  fs = 1 / . ,  where the  v e l o c i t y  i s ,  from E q .  (21) 

V = - S & k  V2/ [ ( l+S2)c1 18 f l 1  p e a.k 

The ve loc i ty  i s  higher near  t he  upper e l ec t rodes ,  

because it i s  these  e lec t rodes  r a t h e r  than t h e  equ ipo ten t i a l  

channel bottom which produce the  e lectr ical  shear  on the  f l u i d .  

111 Experimental Observations 

Apparatus and Parameters 

The thermally induced electroconvect ion was s tudied  i n  the  

apparatus shown i n  Fig.  3 .  The f l u i d  ( i n  t h i s  case corn oil), 
w a s  contained i n  the  annulus between p l ex ig l a s s  cy l inde r s  sea led  

t o  an aluminum bottom p l a t e  which r e s t e d  i n  i c e  water. A metal- 

l i c  s t r u c t u r e  then formed t h e  bottom of t h e  channel by making 

thermal contac t  with t h e  bottom p l a t e .  

were sea l ed  t o  the  lower su r face  of an upper region containing 

ho t  oil, t o  provide the channel top. The t r a v e l i n g  p o t e n t i a l  

wave was produced by a commutator mechanism,") not  shown i n  

F ig .  3 ,  e l e c t r i c a l l y  connected t o  the  segments. 

Segmented e l ec t rodes  

Three thermometers, located i n  the  in su la t ing  channel wa l l ,  

were used t o  determine an approximate l i n e a r  temperature pro- 

f i l e .  The e l e c t r i c a l  conduct ivi ty  and v i s c o s i t y  p r o f i l e s  were 

then i n f e r r e d  from conventional measurements taken over an ap- 

p r o p r i a t e  range of temperatures. 

v a r i a t i o n  of these  parameters with temperature, with t h e  chan- 

n e l  top and bottom assuming the  temperatures shown. 

l i n e s  i n d i c a t e  the  approximate l i n e a r  v a r i a t i o n s  assumed i n  

eva lua t ing  the  parameters uo and ul and f o r  the  numerical i n t e -  

g r a t i o n  of Eq.  (18). As may be seen from Fig.  4 ,  a modest 

Figures 4 and 5 show the  

The broken 
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temperature d i f f e rence  leads t o  a s i g n i f i c a n t  v a r i a t i o n  i n  

e l e c t r i c a l  conduct ivi ty  ( q z  1). In  f a c t ,  t he  v a r i a t i o n  i s  

l a rge  enough t h a t  approximations introduced with E q .  (6) a r e  

a poss ib le  source of discrepancies  between theory and exper i -  

ment, al though not  the cause of much d i f f i c u l t y  here .  A d i s -  

cussion of how the  theory can be general ized t o  an a r b i t r a r y  

conduct ivi ty  p r o f i l e  w i l l  be given i n  Sec. I V .  

I n  t he  experiment, the mean channel length (0.88 m) con- 

s t i t u t e d  one wavelength. 

o the r  phys ica l  parameters were a s  shown i n  Table 1, 

The corresponding wavenumber and 

Velocity Measurements 

The normalized e l e c t r i c  shear  stress f (g) (Eq.  16) , based 

on the  parameters of Table 1, i s  a s  shown i n  Fig.  6 .  Here, 

t h e  peak p o t e n t i a l  has been taken a s  8.25 kV. This corresponds 

t o  an experimental peak p o t e n t i a l  of 12.5kV, s ince  the  p o t e n t i a l  

wave produced by t h e  commutator mechanism'') was not  a purely 

s inuso ida l  func t ion  of time. The ve loc i ty  p r o f i l e  shown i n  F ig .  

6 i s  the  r e s u l t  of a numerical i n t e g r a t i o n  of Eq.  (18). 
To observe the  f l u i d  motion, one sec t ion  of t he  channel 

was constructed with s i d e  wal l s  made of p a r a l l e l  g l a s s  p l a t e s .  

This  made it poss ib l e  t o  p r o j e c t  l i g h t  through the  flow and 

observe f l u i d  motions i l luminated e i t h e r  by a poin t  source o r  

by a Schl ie ren  system. The magnif icat ion was s u f f i c i e n t  t h a t  

small  p a r t i c l e s  of dus t  entrained i n  the  flow could be used t o  

measure the  f l u i d  ve loc i ty .  

The dependence of the absolu te  peak ve loc i ty  on the  frequency 

of the  imposed p o t e n t i a l  wave i s  shown i n  Fig.  7 .  The s o l i d  

l i n e  i s  predic ted  by E q .  (18). 

t i o n  opposi te  t o  t h a t  of t he  t r a v e l i n g  wave. 

of t h i s  p l o t ,  t h e  flow ve loc i ty  displayed an appreciable  period- 

i c i t y  a t  twice the  frequency of  t h e  imposed t r ave l ing  wave. 

Flow was observed i n  a d i r e c -  

A t  the  low end 
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Each measurement shown i n  Fig.  7 represents  the  average 

value of the flow ve loc i ty .  

According t o  Eq .  (181, a t  a given frequency the  f l u i d  

v e l o c i t y  i s  a l i n e a r  funct ion of the  imposed p o t e n t i a l  ampli- 

tude squared. With a frequency ~ / 2 7 r  = 0.4 cps ,  the peak 

v e l o c i t y  was found t o  be a s  shown i n  Fig.  8 ,  where the  s o l i d  

l i n e  ind ica t e s  t he  pred ic t ion  of Eq.  (18). 

po in t  i nd ica t e  the  extremes of f i v e  measurements. 

Brackets on a data  

The major sources of e r r o r  i n  p red ic t ing  the  flow v e l o c i t y  

appear t o  be due t o :  a )  property measurements ( e spec ia l ly  the  

e l e c t r i c a l  conduct iv i ty  which e s s e n t i a l l y  determines t h e  f r e -  

quency a t  which t h e  peak appears i n  Fig.  7 ) ,  b) the  f i n i t e  width 

of the  channel (5.4 c m  compared t o  a depth d of 3 cm.), c )  t h e  

t h e o r e t i c a l  approximation of the  conduct iv i ty  and i t s  t ransverse  

grad ien t  a s  having constant  average va lues ,  and d) e f f e c t s  from 

the  time v a r i a t i o n  i n  the  e lectr ic  stress. 

I n s t a b i l i t y  

One of t h e  most important l i m i t a t i o n s  on the  range of 

t r a v e l i n g  wave p o t e n t i a l s  and frequencies t h a t  can be used re- 

s u l t s  from flow i n s t a b i l i t y .  A s  t he  t r ave l ing  wave frequency 

i s  reduced, with the  peak p o t e n t i a l  maintained cons t an t ,  a po in t  

i s  reached where the  p o t e n t i a l  i s  responsible  f o r  i n s t a b i l i t y ,  

r a t h e r  than inducing a steady flow. This i n s t a b i l i t y  appears 

a s  a complete d i s rup t ion  of the flow p a t t e r n ,  with an ensuing 

tu rbu len t  motion t h a t  d r a s t i c a l l y  a l ters  the thermal grad ien t .  

F ig .  9 shows a Schl ieren p ro jec t ion  of the  channel. The 

e l ec t rode  segments a r e  evident a t  the  top of the  p i c t u r e s ,  with 

the  channel bottom j u s t  out  of v i e w  below. 

t r a v e l s  t o  the  r i g h t ,  while i n  Fig.  9a the  f l u i d  moves s t e a d i l y  

t o  t h e  l e f t .  A renion of given thermal g rad ien t  i s  ind ica ted  

The p o t e n t i a l  wave 

v v v 
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by the dark band. 

due t o  the  e l ec t rode  segments r a t h e r  than t o  the s p a t i a l  

p e r i o d i c i t y  of the  t rave l ing  p o t e n t i a l  wave which had a wave- 

length  40 t i m e s  t he  segment length) .  Fig.  9b shows the  e f f e c t  

of reducing the  t r a v e l i n g  wave frequency. The mean flow was 

e s s e n t i a l l y  destroyed,  w i t h  an accompanying d i s rup t ion  of the 

temperature d i s t r i b u t i o n .  I f  the  frequency was again r a i s e d ,  

t h e  flow immediately assumed a s t a b l e  s teady cha rac t e r ,  as 

shown i n  Fig. 9c. However, a considerable length  of time was 

requi red  f o r  t he  temperature p r o f i l e  t o  r e t u r n  t o  t h a t  obtained 

o r i g i n a l l y  (Fig. 9a) because of the  long thermal r e l axa t ion  

t i m e  f o r  t h e  l i q u i d .  

(The per iodic  appearance of t h i s  band is  

The i n s t a b i l i t y  appeared t o  have l i t t l e  t o  do with the  

flow. It seemed r e l a t e d  t o  t he  accumulation of f r e e  charges 

i n  the f l u i d  bulk and the  accompanying t ransverse  e l e c t r i c  

fo rce  d i s t r i b u t i o n .  A t  l ower  peak p o t e n t i a l s ,  flow s t a b i l i t y  

was r e t a ined  a t  lower frequencies.  But, as the  peak p o t e n t i a l  

w a s  r a i s e d ,  t he  lowest frequency f o r  s t a b l e  flow was a l s o  

increased .  

form(5) with inc ip ience  dependent on the  competing s t a b i l i z i n g  

e f f e c t s  of g r a v i t y  and d e s t a b i l i z i n g  e f f e c t s  of the  e l e c t r i c  

f i e l d .  Complicating f ea tu res  were the e l e c t r i c a l  (and possibly 

thermal) r e l axa t ion  processes ,  the e f f e c t s  of v i s c o s i t y  on the  

growth r a t e ,  and the temporal p e r i o d i c i t y  of t he  dr iv ing  po- 

t e n t i a l .  Inves t iga t ions  i n  t h i s  regard w i l l  be repor ted .  

I n s t a b i l i t y  appeared t o  be of t he  bulk Rayleigh-Taylor 

IV Conclusion and Further  Observations 

The experiments described i n  Sec. 111, together  with o the r  

q u a l i t a t i v e  observa t ions ,  i n d i c a t e  t h a t  the simple theory of 

Sec. 11 i s  an appropr ia te  desc r ip t ion  of the  flow t h a t  r e s u l t s  

when a p o t e n t i a l  wave t r a v e l s  perpendicular t o  a thermally 
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induced g rad ien t  i n  e l e c t r i c a l  conduct ivi ty .  The t h e o r e t i c a l  

model i s  l imi ted  t o  s i t u a t i o n s  where the  conduct iv i ty  and i t s  

g rad ien t  can be represented by averages over the channel pro- 

f i l e .  This approach can be r e f i n e d  i n  a s t ra ight forward  way 

by dividing the  flow i n t o  reg ions ,  each of which i s  represented 

by an appropr ia te  u 
t i o n s  f o r  the  e l e c t r i c  p o t e n t i a l  a r e  sp l i ced  toge ther  by the  

boundary condi t ions.  This approach i s  necessary i f  t he  con- 

d u c t i v i t y  d i s t r i b u t i o n  is  no t  monotonic, a s  shown i n  F ig .  lob.  

The e l e c t r i c  shears  on the f l u i d  a r e  then opposed i n  the  upper 

and lower regions.  For the case  shown i n  Fig.  lob ,  a t  l e a s t  

two regions would be required to  p r e d i c t  t h e  v e l o c i t y  p r o f i l e .  

and al, a s  shown i n  F ig .  10. Then, so lu-  
0 

Q u a l i t a t i v e  experimental observations have been made where 

t h e  conduct iv i ty  p r o f i l e  was e s s e n t i a l l y  a s  sketched i n  F ig .  lob .  

In  these  cases ,  the  f l u i d  was inhomogeneous, i n  a d d i t i o n  t o  

being subjected t o  a temperature grad ien t .  With a s l i g h t l y  con- 

duct ing f l u i d  on top (mineral o i l ) ,  the  conduct iv i ty  g rad ien t  

w a s  negat ive i n  t h e  upper region due t o  the  inhomogeneity, but 

p o s i t i v e  i n  the  lower region due t o  the  thermal g rad ien t .  

lower f l u i d  was corn o i l ,  which has a conduct ivi ty  much l a r g e r  

than t h a t  of t he  mineral  o i l . )  Flow r e s u l t e d  i n  e i t h e r  d i r e c -  

t i o n  o r  simultaneously i n  opposi te  d i r e c t i o n s ,  depending on the  

frequency of t he  t r ave l ing  p o t e n t i a l  wave. These r e s u l t s  a r e  a s  

would be expected from the simple model of Sec. 11. They i l l u s -  

t r a t e  the point  t h a t  the d i s t r i b u t e d  gradien t  i n  e l e c t r i c a l  con- 

d u c t i v i t y  could a s  wel l  be produced by using equitemperature l aye r s  

of f l u i d  having d i f f e r i n g  e l e c t r i c a l  conduc t iv i t i e s .  

s i zed  i n  the  in t roduct ion ,  t he re  i s  a c lose  connection between 

t h e  mechanism f o r  bulk pumping described here  and f o r  the  s u r -  

f ace  pumping t h a t  has been repor ted .  (') The sur face  pumping can 

a l s o  be demonstrated with the  conduct ivi ty  p r o f i l e  such t h a t  the 

f l u i d  moves i n  a d i r ec t ion  opposite t o  t h a t  of  t he  t r a v e l i n g  

(The 

As empha- 
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wave. (I2) This has been demonstrated experimentally by 

arranging the  e lec t rodes  s o  t h a t  a layer  of f l u i d  having a 

f r e e  sur face  was exposed from below t o  the  t r ave l ing  poten- 

t i a l  wave. I f  the  e lec t rodes  w e r e  placed below the  channel 

r a t h e r  than above, a s  described i n  Sec. 111, a f l u i d  support-  

ing a p o s i t i v e  conduct ivi ty  grad ien t  would be pumped i n  the  

same d i r e c t i o n  a s  t he  t r ave l ing  f i e l d .  

I t  appears t h a t  the bulk i n t e r a c t i o n  described here  has 

app l i ca t ion  t o  s i t u a t i o n s  where very s l i g h t l y  conducting li- 

quids must be pumped through an e l e c t r i c a l l y  in su la t ing  conduit .  

From a bas i c  poin t  of view, it c o n s t i t u t e s  one of many mechanisms 

by which s l i g h t l y  conducting f l u i d s  can be motivated by an 

e lectr ic  f i e l d .  
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Tables 

Table 1 Parameters for experiment us ing  corn o i l  a s  f l u i d  

u = 6.9 X lO"'rnhos/m p = ( 7 . 7 - 5 . 2 5 ) X  kg/m sec .  
0 

-2  
= 7 .9  X 10"' m hos/m d = 3 X 10 m 

Ol 

E = 3 . 1  E~ 
-1 k = 7.08 m 

c 
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Fig .  1. 

Fig.  2. 

F ig .  3 .  
1 

Fig .  4 .  

A s l i g h t l y  conducting f l u i d  flows i n  the  x (or -x) 

d i r e c t i o n  between plane p a r a l l e l  wal l s  having the tempera- 

t u r e  d i f f e rence  T - T (T > T b ) .  

i s  imposed by means of e l ec t rodes  i n  the  upper boundary. 

Because of thermally induced gradien ts  i n  the  conducti-  

v i t y  a(y), f r e e  charges a r e  induced i n  the  f l u i d  bulk.  

For the  case shown, the f l u i d  moves i n  a direction oppo- 

s i t e  t o  t h a t  of the  t r ave l ing  wave. l d k  > 0 ,  vX< 01 

A t r a v e l i n g  p o t e n t i a l  wave a b a  

Cross-sect ional  view of plane flow, showing t r a v e l i n g  

wave imposed above the f l u i d  and constant  p o t e n t i a l  plane 

below the  f l u i d .  a )  With a p o s i t i v e  grad ien t  i n  e l e c t r i -  

c a l  conduct iv i ty ,  a pos i t i ve  conduction cur ren t  leads t o  a 

negat ive volume f r e e  charge. b) With the  t r a v e l i n g  wave 

of p o t e n t i a l ,  charges r e l a x  t o  the  volume where they l a g  
the  charges induced on the  e l ec t rodes  by the  imposed 

p o t e n t i a l .  The s ign  of t he  volume charge, determined by 

the  conduct iv i ty  g rad ien t ,  i s  such t h a t  t he  f l u i d  i s  

r epe l l ed  i n  the d i r e c t i o n  opposite t o  t h a t  of the  wave. 

Cross-sect ional  and top view of channel. 

bottom makes thermal con tac t  with i c e  water ,  while the  

upper e l ec t rodes  a re  heated by c i r c u l a t i n g  hot  oil. 
temperature p r o f i l e  i s  measured by means of t h r e e  t h e r -  

mometers i n  the  p l ex ig l a s s  s i d e  wal l .  

The channel 

The 

E l e c t r i c a l  conduct ivi ty  a s  a funct ion of temperature f o r  

t he  corn o i l  used i n  t h e  experiment of Fig.  3 .  With the  

temperature p r o f i l e  e s s e n t i a l l y  l i n e a r ,  the  top and bottom 

assume t h e  temperatures shown. 

approximate l i n e a r  r e l a t i o n  used i n  theory.  

The broken l i n e  ind ica t e s  
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F ig .  5. 

. 
Fig .  6. 

Fig.  7 .  

c 

Fig.  8. 

Fig.  9 .  

Fig .  10 

Viscosi ty  of corn o i l  as a funct ion of temperature. 

top and bottom assume temperatures a s  ind ica ted .  The broken 

l i n e  w a s  used f o r  t he  t h e o r e t i c a l  r e l a t i o n s .  

The 

Flu id  v e l o c i t y  and normalized e l e c t r i c  shear  stress a s  a 

funct ion of normalized t ransverse pos i t i on  = y/d. 

Absolute peak v e l o c i t y  a s  a funct ion of frequency. The s o l i d  

curve i s  predic ted  by numerical i n t eg ra t ion  of Eq. (18). 

Absolute peak v e l o c i t y  a t  w / 2 ~  = 0.4 a s  a funct ion of the 

square of t he  peak t r ave l ing  wave p o t e n t i a l .  

i s  pred ic ted  by numerical i n t e g r a t i o n  of Eq. (18). 

The s o l i d  l i n e  

Schl ie ren  photograph of f l u i d  viewed a s  shown i n  Fig.  3 .  

a )  
t i a l  with d 2 7 r  2 0.4. b) I n s t a b i l i t y  destroys ve loc i ty  

p r o f i l e  as w/2r is  reduced t o  

t i a l .  c) Flow rees tab l i shed  with a l t e r e d  temp,erature p r o f i l e  

a s  frequency i s  r a i s e d .  The d is tance  between v e r t i c a l  l i n e s  

i s  1 cm. 

Flow t o  l e f t  es tab l i shed  i n i t i a l l y  by turning up poten- 

(0.1 cps.  a t  constant  poten- 

The approach taken i n  Sec. I1 can be r e f ined  t o  account f o r  

l a rge  v a r i a t i o n s  i n  conduct ivi ty  by d iv id ing  the  flow i n t o  

regions.  

t he  boundary condi t ions.  a )  Two regions defined so t h a t  bo 

i s  an improved average of D over the  appropr ia te  region of 

flow. b) Inversions of the  0 p r o f i l e  requi re  a mult i - region 

approach, s ince  induced e l e c t r i c  forces  d i f f e r  i n  d i r e c t i o n  

over p r o f i l e .  

Solut ions a r e  sp l i ced  together  between regions by 

. 
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f luid f lows out 

r 

/ thermometers 
in wall  of 
channe l  

Cross-section.el and top view of channel. 

bottom makes thenuel contact with ice water, while the 
upper electrodes are heated by circulating hot o i l .  
temperature prof i le  i s  measured by means of three ther- 
mmeters in  the plexigless s i d e  w a l l .  

The channel 

The 
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F i g .  4 .  E l e c t r i c a l  conductivity a s  a f m c t f o n  of temDeraturc for 

With the the corn oil used i n  the exDeriment of Fig. 3 .  
temperature profile e s s e n t i a l l y  linear, the top and bottan 
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6 .  Fluid velocity and normalized electric shea stress a 
fimctfon of nomalized transverse m s i t i o n  f = y/d. 
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